We discuss the equations of motion of test particles for a version of KaluzaKlein theory where the cylinder condition is not imposed. The metric tensor as well as other physical quantities are allowed to depend on the fifth coordinate. We present a new version for the fully covariant splitting of the 5D equations. We show how to change the usual definition of various physical quantities in order to make physics in 4D invariant under transformations in 5D. These include the redefinition of the electromagnetic tensor, force and Christoffel symbols. With our definitions, each of the force terms in the equation of motion is gauge invariant and orthogonal to the four-velocity of the particle. The "hidden" parameter associated with the rate of motion along the extra dimension is identified with the electrical charge, regardless of whether there is an electromagnetic field or not. We show how the dependence of the metric on the extra dimension constrains the motion of neutral particles.
INTRODUCTION
Kaluza's great achievement was the discovery that extending the number of dimensions from four to five allows the unification of gravity and electromagnetism.
He showed that the five-dimensional Einstein equations, in vacuum, contain fourdimensional general relativity in the presence of an electromagnetic field, together with Maxwell's theory of electromagnetism. (There is also a Klein-Gordon equation for a massless scalar field that was suppressed at that time by adopting g 44 = constant). The appearance of the "extra" dimension in physical laws was avoided by imposing the "cylinder condition", which essentially requires that all derivatives with respect to the fifth coordinate vanish.
There are three versions of Kaluza theory [1] . The first one is known as compactified Kaluza-Klein theory. In this approach, Kaluza's cylinder condition is explained through a physical mechanism for compactification of the fifth dimension proposed by Klein. In the second version this condition is explained using projective geometry, in which the fifth dimension is absorbed into ordinary four-dimensional spacetime provided the (affine) tensors of general relativity are replaced with projective ones.
The third version is a noncompactified theory called sometimes Kaluza-Klein gravity, space-time-matter theory or induced-matter theory. In this approach, the cylinder condition is not imposed and there are no assumptions about the topology of the fifth dimension. The basic idea in this version is to unify the source and its field using the extra degree of freedom associated with the fifth coordinate [2] - [4] .
The study of the motion of particles provides in principle a way of testing whether there are extra dimensions to spacetime of the sort proposed by any of the abovementioned approaches. This requires the study of predictions of various theories and confrontation with experiment. In particular, with experiments involving the classical tests of relativity.
The equation of motion of a particle in 5D has been studied by a number of people.
Much of the work was based on compactified versions of Kaluza-Klein theory, where there is no dependence of the metric on the extra (or internal) coordinate [5] - [7] . The corresponding equation for the third version, where the metric is allowed to depend on the extra coordinate, has also been derived [8] - [9] . This equation is fully covariant in 4D and contains some terms that depend on the extra dimension. It has been discussed in a number of physical situations [10] . Despite successful applications, this equation presents two particular features that we regard as deficiencies. They are:
(i) The force terms are not invariant under a group of transformations that we call gauge transformations.
(ii) The associated "fifth" force has a component parallel to particle's four-velocity.
These two features will be discussed in the next Section. Our aim in this work is to provide a new version for the 4D equation of motion, in which all force terms are gauge invariant and orthogonal to particle's four-velocity.
The plan for the paper is as follows. In the next section we discuss the features mentioned above. In Section 3, we present our splitting technique and notations. In Section 4, we do the splitting of the 5D geodesic. We obtain the "generalized" electromagnetic tensor and "projected" Christoffel symbols. We also show how to obtain the equations from a Lagrangian. In Section 5 we define and derive the appropriate fifth force. In Section 6, we discuss the initial value problem and the interpretation of the equations. Finally, in Section 7, we summarize our results.
Statement of The Problem
The 5D line element is taken in the form
where ds 2 = g µν dx µ dx ν is the spacetime interval, while Φ and A µ are the scalar and vector potentials. All these quantities, are functions of x µ and the extra coordinate
The factor ǫ is taken to be +1 or −1 depending on whether the extra dimension is timelike or spacelike, respectively. The 5D equations of motion are obtained by minimizing interval (1) . From them, the equations for a test particle moving in ordinary 4D are taken as [10] 
and
where Γ µ αβ represents the Christoffel symbol constructed from g µν , F µν is the usual antisymmetric tensor
The Problem
It is clear that physics in 4D should be invariant under the set of transformations
that keep invariant the given (4 + 1) splitting. Indeed, in 5D they just reflect the freedom in the choice of origin for x 4 , while in 4D they correspond to the usual gauge freedom of the potentialsĀ
The 5D interval (1), the spacetime metric g µν and the scalar field Φ remain invariant under these transformations, as one expects. However, their derivatives do change as
These equations show that none of the forces (gravitational, scalar or Lorenz force) in Indeed, direct substitution of (7)-(9) into the right-hand side of (2) or (3), yields a combination of additional terms (that are of products of f ,µ with g µν,4 , A µ,4 or Φ ,4 ) which do not cancel out, in general. In fact, the only way to make them vanish is to require total independence of the extra variable.
Thus, in the case where the metric functions depend on x 4 , the Lorenz and gravitational "force" as given by (2) and (3) are gauge dependent. We regard this property as a deficiency of equations (2) and (3) . In this work we will construct a new version of the 4D equation of motion in which each force term, separately, is gauge invariant and orthogonal to the four-velocity.
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One of the great advantages of general relativity is the freedom in the choice of coordinate system. However, in many cases, this makes the coordinates to be merely marking parameters, without much physical content [11] . This is a potential source for misinterpretation. The coordinates x µ , in the (4 + 1) separation given by (1), are spacetime coordinates, in the sense that dx µ is an infinitesimal displacement in 4D. However, the change of a physical quantity along "x µ direction" is not given by (∂/∂x µ ), in general. For this to be so, there should be no dependence on the extra variable at all. This is the source of the problems in (2) and (3), as we learn from our equations (8) and (9) .
In order to overcome these problems, we will start by considering a general fivedimensional manifold, with an arbitrary set of marking parameters, and will construct the physical quantities in 4D, step by step. Then we will define the "local" frame of reference that we will use throught this work.
4D Spacetime From 5D
Let us consider a general five-dimensional manifold with coordinates ξ A (A = 0, 1, 2, 3, 4) and metric tensor γ AB (ξ C ). The 5D interval is then given by
We should assume that this 5D manifold allows us to construct, appropriately (see bellow), a four-dimensional hypersurface that can be identified with our 4D spacetime.
In this hypersurface we introduce a set of four parameters x µ (µ = 0, 1, 2, 3), which are functions of ξ A ,
The derivatives of these functions with respect to ξ
behave as covariant vectors 1 with respect to changes ξ A = ξ A (ξ B ) in 5D, and as contravariant vectors with respect to transformations x µ = x µ (x ν ) in 4D. At each point these vectors are tangent to the hypersurface. Therefore, in the region where they are linearly independent, they constitute a basis for the 4D hypersurface under consideration. We will interpret this, appropriately defined 4D manifold, as the physical spacetime and x µ as the coordinates in it.
We can now introduce the vector ψ A , orthogonal to spacetime. This is completely determined byê
where ǫ is retained by the same reasons as in (1) . In order to define projected 1 The index in parenthesis numbers the vector, while the other one indicates its coordinate in 5D.
quantities, we will also need the set of vectorsê
It is not difficult to show thatê A µ behave as contravariant vectors 2 with respect to
, and as covariant vectors with respect to transformations
This follows from (14) and the transformation properties ofê
Now, any five-dimensional vector, say P A , can be split into two parts; a 4D part
, behaves like a covariant vector under general transformations in spacetime
The same can be done with partial derivatives. For example, the derivative V µ,A contains two parts: a 4D part V µ|(λ) = V µ,Aê A (λ) , and a part orthogonal to it, which is
In particular, any infinitesimal displacement in 5D can be written as
2 In general, vectorsê A µ are not partial derivatives of any function of spacetime coordinates x α . 3 P µ is the µ component of the 5D vector P A , while P (µ) is the projection of P A in the direction of basis vectorê
4 Projected derivatives are denoted by a "|", followed by the direction of projection.
where
B dξ B and dx (4) = ψ B dξ B represent the displacements along the corresponding basis vectors. Substituting (16) into (10) we obtain
Consequently, the metric of the spacetime is given by
We also notice the consistency relation
which follows from the above separation in 4D and scalar quantities.
Local Frame
Thus, in the neighborhood of each point the observer is armed with five independent vectors,ê
A and ψ B , that constitute its frame of reference. In order to simplify further calculations we introduce a more symmetrical notation. To this end we set
Now, Eqs. (13), (14) and (18) becomê
Finally, similar to Eq. (17), we define our "local" 5D metricĝ (A)(B) aŝ
which breaks up the five-dimensional manifold, viz.,
The advantage of the local frame is that it provides a (4 + 1) separation which is fully invariant under arbitrary changes of coordinates in 5D, not only under the special class of transformations defined by (6) . The 5D interval becomes
In addition, from (20), it follows that
Finally, we mention that basis indexes are lowered and raised withĝ (A)(B) , while 5D
coordinate indexes are lowered and raised with γ AB .
Splitting The 5D Geodesic
The plan of this Section is as follows. First, we do the (4 + 1) splitting of the 5D geodesic in an arbitrary local basis. Second, we apply the general results to a particular frame, that we call coordinate frame. Finally, we show how to simplify the splitting procedure using the Lagrangian formalism.
Arbitrary Frame
By minimizing the interval (10) we obtain the 5D geodesic equation in covariant form
Our task is to express this equation in terms of projected quantities. To obtain fully covariant equations, we will use our local metric (21). First notice
is the projected 5D velocity. Now, we use (24) to express "coordinate" metric γ AB in terms of local metric, and the orthogonality conditions (20) to simplify some derivatives of the basis vectors. With this, and substituting (26) into (25), after some algebra, we find
The antisymmetric nature of this quantity remind us of the electromagnetic tensor.
For this interpretation, however, the contravariant index requires a closer examination. Let us study the A = λ components of this tensor. Using orthogonality
conditions (20) in (29) we obtain
We now need to remember thatê
Using this, and since ( 
(A)(B) will be suppressed.
The spacetime part of (28) is obtained by setting
where we have raised the free index, andΓ µ αβ is the Christoffel symbol constructed with the projected derivatives,
This, "projected" Christoffel symbol is invariant under general coordinate transformations in 5D.
We will see in Section 4.3 that the momentum, per unit mass, projected on our local frame is given by p (N ) =ĝ (N )(P ) U (P ) . Then from (28), it follows that
We will use this equation in our discussion of the fifth force, in the next Section.
The above set of equations constitutes the basis for our further discussion. They are, by construction, covariant under transformations of coordinates in 4D, and invariant under general transformations in 5D.
The conclusion from the above discussion is as follows. In the local frame we calculate the projected Christoffel symbolsΓ µ αβ . They constitute the appropriate affine connection to be used when calculating covariant derivatives in 4D (otherwise, there will be no gauge invariance as in (2) and (3)). Thus, the usual gravitational "force" in 4D will be invariant under transformations in 5D. Then we calculate the antisymmetric tensor F (A)(B) , whose ten independent componets (we will see) are related to the Lorents and "scalar" force. These forces are proportional to U (4) .
Coordinate Frame
We now apply our general equations to the particular frame used in (1) . With this aim, let us then consider the special case where
The spacetime basis vectors areê 
From (13) we findê
where we have set γ 44 = ǫΦ 2 . The associated basis vectors are given by (20). Denoting
The 5D line element and the 4D metric become
The interval shows the same separation as in (1), as one expected 6 . We will keep the use of ξ 4 , in order to avoid any confusion with the "physical" displacement along the extra dimension 7 . Also,
Finally, we substitute these expressions into the (31) and obtain the desired equation, viz.,
where n = ΦU (4) is the same scalar as in (2),
6 Under transformation (6);
, but the metric remains invariantḡ µν = g µν . 7 In this frame, spacetime displacements are dx µ , while the one along the extra dimension is dx (4) =ê
We will see in Section 5 that this quantity, instead of (4), plays the role of "generalized" electromagnetic tensor in the present 5D theory. The above equation is invariant under "gauge" transformations (6) . The use ofΓ µ αβ guarantees the gauge invariance of the gravitational force. Also, the above definedF µρ is gauge invariant.
Consequently, the Lorenz force is invariant too. The same is true for the "scalar"
force associated with Φ |µ .
We conclude, from the above discussion, that equation (40) should replace that in (2). It is not the equation of motion yet, because the later involves differentials with respect to ds instead of dS, and we still have to do the splitting of (dU (σ) /dS) in a "4 + 1" parts. We will discuss this in Section 5 too.
Lagrangian Method
Equation (28) gives the components of 5D geodesics on an arbitrary set of basis
B . Its derivation from (25) is straightforward, but involves some tedious calculations. On the other hand, the geodesic equation, in its general form (25), is obtained in a very simple, direct, way from the Lagrangian density 
Now, taking the derivatives (∂L/∂ξ A ) and (∂L/∂ξ A ) and using the Lagrangian equa-
we readily obtain (28). In addition to this, we get the appropriate definitions for the generalized momentum per unit mass P A , viz.,
From which we get its components on our local frame. They are,
The equation governing p (A) was already obtained in (33), while for the generalized momentum it is
which can be obtained either from
C , or from the "local" Lagrangian (44).
In the case where the metric is independent of ξ C , the corresponding component of the generalized momentum is a constant of motion 8 .
In the coordinate frame the generalized momentum, per unit mass, is given by
Its components on the local frame are
The Equation of Motion in 4D
We now proceed to obtain the equations of motion in 4D. Our plan of action is as follows. First, we find the absolute derivatives of the four-velocity. Second, we
show that the straighforward extension, of the definition of force used in 4D general relativity, to evaluate the fifth force leads to some problems. Then, we proceed to split the absolutes derivatives and introduce a more appropriate definition for the fifth force in 4D.
The four-velocity is defined as usual
From (23) we obtain the relation between dS and ds, viz.,
Consequently,
In order to have a more "symmetrical" notation, in what follows we set
To avoid misunderstanding, we stress the fact that u (4) is not a part of the fourvelocity vector u (µ) . Now, using (27), we find
Absolute Derivative of Four-Velocity
On the local frame, the spacetime components of the momentum (per unit mass) are given by (50). Thus,
Setting N = 4 in (28) we obtain ǫ dU
from which we get
We now substitute this expression into (56) and obtain dp (µ)
.
On the other hand, from (33) we have dp
Equating the last two expressions we obtain
Now we notice that
In a similar way, from (31) and (58) we obtain
Definition of Force in the Literature
As an extension of the concept of force in 4D general relativity [11] , the extra (or "fifth") force acting on a particle is defined as [10] 
Because this is a fully covariant 4D equation one would expect
However, as we can easily see from (63) and (64), this is not so. Instead we have
When the metric is independent of the extra variable, the last term vanishes and we have the correct relation between the covariant and contravariant components of the force. However, this is not so, for the general case under consideration here.
Therefore, the adoption of definition (65) would lead to a theory where (Du (µ) /ds) and (Du (µ) /ds) would be the covariant and contravariant componenets of differents vectors 9 . This is equivalent to taking away one of the most important properties of the metric tensor, which is to lower and raise indexes. Apart of this, the force f µ lit defined in (65) has the peculiar property of not being orthogonal to the four-velocity.
Splitting Absolute Derivatives
Our viewpoint is that we do not need to change the properties of the 4D metric tensor, what we need is a better definition for the force. In order to do that, let us examine the absolute differential in more detail. Consider any 4D geometrical object, for the sake of the argument, let say a vector V α . Then,
The absolute differential separates into two parts, viz.,
where D (4) represents the absolute differential in 4D, namely
This separation is invariant under transformations in 5D, provided all derivatives are projected appropriately andΓ λ αρ is that defined in (32). Obviously, for any object we have
In particular, for the metric tensor
as it should be.
New Definition For The Fifth-Force
In this paper we propose to define the fifth force as follows
which, we believe, is in the original spirit of 4D. With this definition the metric tensor preserves its property of lowering and raising indexes. Indeed, because of (72) we have f σ = g σµ f µ , as desired.
Let us now find the contravariant components,
we need to evaluate u
Taking derivatives and rearranging terms
From this, and using that dξ A =ê
For the covariant components f µ we need u (µ)|(4) . This can be obtained from above and u (µ) = g µν u (ν) , as
We now have everything we need to write the 4D equation of motion in appropriate form;
Also,
To these equations, we should add the one for the evolution of u (4) , which is given by (58). Also we notice that if the metric were independent of some of the coordinates, say ξ A , then the conjugate component of the generalized momentum (46) would be constant of motion,
The above equations are totally general. Namely; (i) They are expressed in an arbitrary frame of basis vectorsê 
Equations of Motion in Coordinate Frame
Let us now specialize our choice of basis vectors. As in Section (4.2) we consider the frame defined by the vectors (35). In this frame, the non-zero components of F (A) (B) are given by (39). Direct substitution in (79) yields
where the projected derivatives 11 andF µν are given by equations (41) and (42) The equation for u (4) can be obtained from (58), which now becomes
These equations are invariant under the set of gauge transformations (6) , which leave invariant the spacetime basis vectorsê
B . They constitute a system of five differential 10 Here we omit the brackets for the components of the four-velocity because, in this frame, the coordinate displacements coincide with those along the basis vectors. Also
In this frame, the rule is as follows:
equations with five unknowns 12 , namely, u 0 , u 1 , u 2 , u 3 and u (4) . For a general 5D metric, with full dependence on the extra coordinate, and A µ = 0, the solution and analysis of (81) and (82) would probably require the use of numerical calculations.
Certain simplification would be attained if the metric were independent of some coordinate. In this case the corresponding component of the generalized momentum (49) would be a constant of motion, viz.,
6 Interpretation of u
In the case of no dependence on the extra coordinate our equation (81) correctly reproduce the same results obtained previously in compactified Kaluza-Klein theory [5] - [7] .
Indeed, the terms inside the second bracket, as well as the last term, all vanish. In addition,F µν reduces to the electromagnetic tensor F µν defined as usual in (4) . In this case, the multiplicative term in front of the correspondingF µν is identified with the charge-to-mass ratio, in such a way that the first term on the right-hand side of (81) is interpreted as the Lorenz force.
12 We recall that u (4) is not a component of the four-velocity vector.
6.1 Usual Interpretation. Case A µ = 0
We will extend this interpretation to our theory. Specifically,
will be interpreted as the electromagnetic tensor in the Kaluza-Klein theory under consideration. Accordingly, will interpret the first term on the right-hand side of (81) as the "generalized" Lorentz force. Consequently, we can write
for the charge-to-mass ratio of the test particle. Thus, in the presence of an electromagnetic field, we relate the electrical charge to its rate of motion along the extra dimension. This is the usual interpretation.
Further Interpretation. Case
We thus arrived at the question: How should we interpret u (4) in the absence of electromagnetic field?.
There is no consensus answer to this. In fact many authors just leave this quantity as a free parameter without interpretation [1] , [10] . But let us imagine the following scenario: a charged particle moving in an electromagnetic field that dies off with time.
According to the above interpretation, while the field is not zero we would relate its electrical charge to u (4) as in (84). Then, the question arises, should we abandon this interpretation as soon as the field dies off? Apparently, not. Because electrical charge is an intrinsic property of the particle; it does not depend on how we switch on and off the electrical field. Once the particle "chooses" its local frame, the quantity
On the other hand, we can use this freedom to make γ 4µ = 0 if we desire to switch off the electromagnetic field without changing u (4) .
The proposal we consider here is that the electrical charge of a particle is always related to its "velocity" u (4) , via (84), regardless of whether it is moving is an electromagnetic field or not. Besides the above-mentioned general ideas, we have some physical and mathematical reasons to consider such interpretation.
Initial Value Problem
Let us consider a particle moving in a region without electromagnetic field, and assume u (4) is not proportional to the charge. Then, like we mentioned earlier, equations Thus, knowing the position, velocity and charge-to-mass ratio, at any given time, we are able to give a complete specification of the motion of a particle. This sounds more satisfactory from a point of view of classical physics. For this interpretation, the equation for the charge-to-mass ratio can be obtained from (82) as
The corresponding equation of motion becomes
The important feature of this system is that it contains no reference to quantities in 5D. Elsewhere we will discuss these equations, for some particular metrics, in more detail.
A point of interest should be mentioned here. If we set ǫ = 0 we erase the fivedimensional part of the metric; dS = ds. Then putting all derivatives with respect to the extra coordinate equal to zero, we obtain (q/m) = Constant from (87), while from (88) we get the 4D geodesic with the Lorenz force. The electromagnetic field does not vanish in this limit.
Neutral Particles
The effects of the extra dimensions can be most readily appreciated in the case of charged particles, because of the force term on the right-hand side of (88). However, neutral particles are not completely insensitive to the extra dimension.
In this case setting q = 0 all terms on the right-hand side of (88) vanish. Therefore, the motion of neutral test particles is governed by the usual equation in 4D general relativity, viz.,
However, from equation (87) we get
This does not imply g µν,4 = 0, in general. Instead, this is a bilinear combination between the components of the four-velocity, which should be interpreted as a constraint equation. Due to this constraint, the motion of neutral particles will not exactly be the one predicted by 4D general relativity. This can be used in principle to test the theory. Of course, if the metric did not depend on the extra variable, it would be no constraint at all, and we would find no 5D effects [13] .
We will discuss the consequences of the constraint equation (90), for some particular metrics, elsewhere.
In this paper we have discussed the equation of motion of test particles for a version of Kaluza-Klein theory where the cylinder condition is not imposed. In this version, the metric tensor as well as other physical quantities are allowed to depend on the fifth coordinate. Our main philosophy in this work may be summarized as follows. should give a complete (deterministic) description of the motion of test particles.
As a consequence of (i) we obtained that covariant derivatives in 4D should be calculated with the projected Christoffel symbolsΓ α µν defined in (32). In addition, we obtained the appropriate electromagnetic tensor invariant under 5D transformations.
In the coordinate frame, it is given by (42), which generalizes the usual one (4).
In order to fulfill our condition (ii) we had to split the absolute derivative in such a way that the 4D covariant derivative of the metric tensor g ρλ , with respect toΓ This newly defined force turn out to be always orthogonal to the four-velocity of the particle.
As a consequence of our requirement (iii), that the equations completely specify the motion of the test particle, we identified the "hidden" parameter (associated with the rate of motion along the extra dimension) with the electrical charge, regardless of whether there is an electromagnetic field present or not. The appropriate general equations of motion were derived. We showed that neutral particles are not insensitive to the extra dimension. Indeed, their four-velocity vector is constrained by equation (90) (or g µν|(4) u (µ) u (ν) = 0, in covariant form). This is an interesting extension of previous results in compactified Kaluza Klein theory, where it is argued that the extra dimension is indistinguishable from gravity for an uncharged particle [13] .
We would like to finish this paper with the remark that the general 4D equations of motion in an arbitrary spacetime frameê
A are given by (79). Their particular version in the coordinate frame is given by (81). The validity of these equations is independent of the interpretation of u (4) . Most probably, is better to work with them keeping u
0 as a free parameter. Thus leaving the possibility of different scenarios and interpretations.
